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AIlS T H ACT

A path-integra l representation is construc ted for propagators corres-

ponding to quantum Hamiltonian operators obtained from classical Hamilton~ans

by an arbitrary rule of correspondence. Each rule yields a unique way ot

defining the path integra l in the context of a formalism which does not

require a limi ting process. This formalism is more reliable than the usua l

la ttice definition in that all the expressions it entails are well-defi ned

for com putational purposes and it allows the explicit eval uation of larqe

classes of path integrals. Di rect substitution in the Schrödinger equation

shows that there are no restrictions on the Harni l tonian opera tor. Examples

are given.
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I. iNTROD UCT ION

ftc purpose of this paper is to propose a ~,o lut ion to the fo l lowin g

p rob lem : G i ven on arbitra ry cl assical  Hami lton ia n H~(p,q 1t~an~~n arbitrary

ru le  of correspon dence which  enables  one to der i ve a quantum Ham i l to rn an ope r-

ator H(P ,Q ,t)( Ilerm i tian or not ) f rom H
~ . find a path-integra l representa t ion

tor  the propagator K ..~ <‘ q~ It~~) ~~~~ ~ correspond ing to H which (1) takes

prope r account of the correspondence rule and (2)  does not involve a luniting

process ( i .e .  a “ske letonization of the path or “t ime-sl ic ing technique )

in its definition. The latter requirement purports to avoid the many ambi-

w~it ies inherent in this process and to enabl e one to actually co~pute path

integ rals, ra ther than s imp ly exh ib it forma l ex pressions .

In 1975 we showed 1 , by time-slicing and Wey l transform techn iques , that

a formal path-integral expression in phase space can be written for the pro-

pagator , where the Wey l transform of the Hamiltonian opera tor takes the place

o f the class i cal Hamil ton i an i n the act i on func ti onal . Su bsequen t wor k by

(‘,)h efl~ and Dowker
3 showed that fotina l path inte grals can he obtained to

acconmioda te any rule of correspondence . In all the foregoing papers , however ,

work stupped when a “formal” path integra l was obta i ned , l eavinq open the

prob loms of eva luat ion of the path i nte grals , su bstitution of the path-integra l

t~~~~ P~~’~~S~~Ofl in the Schrbdinger equation for verificat ion , and justification

of some possibly ambiguous limits inherent in the time-slicing approach.

Thjs paper will address the above problems by propos i ng an alternat ive approach ,

a nd superse des 4~ef. I.

The starting points are the general framework for path integration in

~h ist space without limiting procedure introduced in Ref. 4 and Cohen ’ s
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~~~ ‘i ~~ ~‘o t w o r n  correspondence rules and ordinary (unctions 5 . It wi ll be

s’ i~n t h t  dii I n t l  iii te ser ies representing the propagator (where each t erm

is a ,ith integral) satisfies the Schrödinger equation wi th arbitrary H

~ir;d t~~, hounda ry condition , provided a consistent well-defined algorithm

is U S t J  t i  pI -o~’t’ r I ‘~ take the correspondence rule into account.

nl~ path integ rals representations wi th respect to the free-partic le

‘ t , i s i ~re w i l l  he cons idered here . The more general measures introduced in

Ref . 4 , which a l low a semiclassical exp ans i on of the propagator , will be

t oa t eJ  rlsewhere .6 We work In one dimension to simplify the discussion ,

al thou gh the results can be readily generalized to n dimens i ons. All integrals
S

d , t ’ ove r IR for suitable s, unless otherw ise specif ied.

H. 1111 PATH-IH1 EGRAL FORMALISM

The form alis m for constructing phase-space path integrals without

resortin g to a limiting procedure with ambiguous epsil onics was introduced

i a  Re t .  ~ and only a brief description will be giv en here7. It consists of

d t t i O~~f l i  what plays the role of a measure in phase space by its Fourier

t rans f orm , which is a simple closed—form expression. For example , the nor-
(~)ud li zed ro e — p a r t i c l e  measure w( p ,q) in phase s pact’ j  , corresponding to

L~~~~~~~r t 
(
~

) 
/

t ( I )

can br ~,nown ’1 
t o  have , as i t s  Fourier transform :
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g~ = -
~~~~~~~~~ 
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-
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(2 ~

~-iri e r’e

(1)~~~ [~~
P( t )~~(t)] on T~ [ta~

tb~ 
q (t0) q 0, q (t~)q ~) p(t) unrestricted~)

(3)

(2)  K’0 ~~~~~~~~~~ ~~\2 ’ a~~~~1 I ‘ L 2~~y j

is the free—partic le propagato r (1 tb
_ t

a)~

(3) ~
(t ) .~(t)1 is the average free-particle path:

(c)

~~R)~~ ~~~~~~~~ 
(‘)

(4) The G functions are the free-particle covariances :

~~ 
(
~,t ’) [ ( - ~~

(
~~ t )Y (F-~~

’) + (k -
~~~~

(
~~ + ‘) YR ’~ ~)] /~ Y

(i)

~~ 

- (
~~~~Y - ~~] J~ (

~
)

6
? ~ ‘i’) 

(
~)

II ‘Y ( ) -k~~j I ~~~ ~ o c~~~ 0 u~~~~r

(5) /~ 
and ~J are elements of , the space of bounded measures

on the time interval T; <,M ,q> E Jq(t)d~~(t) if J’~
. is induced

~ y a function , <~~ 
,q~~~ q(t )  if is , the “delta—funct ion ”

n~- a ’~ure at t.

- 
~~~~~J ::~ ~~~~~ - -
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Ih~ mos t general Gaussian measure , wh i ch absorbs all t he qua dra t i c

terms [i.e. not oni y p2/2m but g(t)p
2/2ni + f ( t )q 2/2 + k(t)pq] in either t he

~~i il tonia n or the action functiona l expanded about the classical path , was

construc ted in Ref. 4, but the free-particle measure wili be sufficient for

our purpose here . w is a true phase-space measure: it does not entail

performing ~e; ira te , success i ve path  i ntegra l s  i n conf ig ura t i on space an d

momentum space.

This definition enables one to carry out path integrals of cylindrical

tu nction al s , i.e. functiona ls which depend on only a finite number of terms

ot the fo rm<r, q ’~ ~~~~
. < V , p> , by converti ng them into finite-d imen-

s i ona l,,i n teg r a l s . The result is the following fundame ntal integral [in a form

slightly diffe rent from that given in Ref.4, Eq . (97)]

JI ( <~~~~1f~~~)/ 
“

/ ~~~~~~~~~~~~~~~~~ <~~~a g ~~~~~~/ 
.
~~~~/ <~~ ~~~~~~~~~

J - ~ (n - f)  (
~. -1~~ ( ~~~~~~~~~~~~~~~

~~~~ 
2~ 

4 A

(to)

where

/ 
u~ 1~~t / ~~~~~~ ( i )

(t 

~
)
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‘
~ 

(~~)

C .  ~ C~ . = f J  6(
~,~~~~~A d~~~~’) (

~~~
) ( i i)

j ]  6 ,~ ’) ~~~ ( k ) ~~~
(
~’) ~~~~ ( 17)

in  the above furinala , w is not restricted to being the free-particle

measu re , but can be the most general quadratic measure mentioned earlier. Of

pa rticular interest are an expression fo! the Fourier transform of w:

~~~~~~ ~~ 
(
~~) (

~)

an d the special case where F (x1,. . . ,x~ ) = x 1. . .X k, which yields the gene-

ralized moments formula in phase space [an extension of the one given in Ref. 8,

Eq. (6 5 ) ,  for configuration space]

f <~~~~
A

I ,~~~~~~~~~ - .~ ~~~~~~~~~~~~~~~~~~~ 
<v~~~>

y
(- - , , --4 .c~1~~~~) 

( t ~1)
2

where
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t-1 ~ 
~~~~~ ‘ / 

~~~~~

and ~ t t o  tono ra l i 1ed Hei ’nh to ~olynoini al of order n-I-rn and niatri x

ifiA/2, defined iii Re~ s. 8 and 9 h1)
• The examples shown below , for the case

where al l  and ~~ ire ~ functions , reveal the general pat tern :
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It ~ i 11  f e  no te d  t h i ~ ~~~ ‘ p~ or i-c- Iat  iii t un c t  ion ,G( t , t ‘ ) ,is d isco nt inuo us

across ~ho J i a a o n i  I t t , ar id i t s  jun~ there is of magnitude 1

~ ( 1 ,-h I

i t  Lsee. e - ~i. , (~~~
) for the f r ee- par t  ic it ’ ca~o] . T h u s ,  JL~ ( ~ 

is not

d~ f i  nod - Th is  I h f i n  i tone- ~ S , ~ S oh tr. & u ’ ~ in a nit uri l niorincr as one hui 1 ds

the mea sure ’ , t ems i-em t he non— conunu t a t  i v i t v of P and Q, and w i l l  g ive us

the f 1 e ~ i hi l i t  we need to take v a r i o u s  c o r r o s  pondenc o ru lOs in to account - .

L 
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i 11 cons ~o’r n mo~ ~~ ‘ r n  ‘ ‘ 1 t a  an ~~~~ 1 i t on ran  O I n t a  t or H~ P , ~, t

~ t i i o h  ~ar t n  o e i ~~ n t t i~ a L 1 d 5 5 i ~~~I ~~ Len ian  H U  ,~t . t). ~~ ~ori1 i  niost

ceri ve ii t!fl t t on our pui p~ s ~ t t i  t ~J oil t~~ . i~ t o

H 
~~~~

.
‘ 

~ ~ 
( ~ ~ ~~ (

~

i~~~~~~ ‘ i-  r)~ I

where F ( u ,~ ,t i)  is  t h e  t rar i ~~t o~ ~a t 1 o n  f unc t i on ’1 
- F a t h  I U n l O u t ’iV Jnt eriiiine S

the cor res po nde nt  o rule Fo r - ins t u b e , , F O O S ( U V /  .‘fi ) and F

( u v  ~‘ f )  - ‘s r ri( u vf ~~l )  9 1 v c tti r ~~~~ I , ~ 1d~ - :t’d , ar id her -n- ~ord i r i  m d i  r i no

schemes , re s l ’ t ’ i vt  l~ . I ii na I H . H i s Ho rw i  t ~uii 1 f F (  -a , - ~~~ F (ii ,v ,~
a cond i ti on we w i l l  not n t c .~ Al so , we mus t  hivt F (0 . v ,t )  = F (u ,O~~) =

to insure tn~i r(P) ar id q (Q )  ~oni - t spOfld t i  t ( O ~ and ~~~~ The t i-ansfonu can

be r rì~ O r t  o~~ t o  ‘ii j

ft ~~~~~ - ~~~ ~~~~ ‘J ~i~’~ A~~~~
’
~ ~~~~~~~ ~~ ~~~~ -

~~~~~~~

~ r 1
( 1 1  \ <~~~

u ) ~1 H ‘1~~~~ (.-
~~~~

and f nail v , the t i . i r io  ~ermu t Ion  t u i i ct  1 on F ca n he l o t  u i-e l t ‘em  the know l ed~ e

o r the ii, ii ton i an H and 1 t s t ran s arm II:

- -~ ~~~ - ~
_____ __a~ _& ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ - ---—
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~ 

1 ( ~~~~~~~ 4 
f~~r~~ /~~ ) ( - .

~ )

- ~ t t ’ -~t - r e  F w h ij  ‘ - e la t n~ a o l v en  H ~‘. ith a ~ive ri H is usual l y n- ,t

~o,- O\ aM ~)1e , iii- H - t ( Q )  ar id H
~ 

— f(q), ( 30) q r v t - s :

- 
- 

~‘, 
L4 / ~, 4 ‘~ 7 t~

II ~
) ~~ -~~

) ~ -
~~~ J i~ ~~~~~~ e . (~ )

T h: c un , - F such a t  F ( i  ,J,~i) = 1 w i l l  do. Sine la r b v , ont t E nds that pq is

“L 0 ‘~~to ( r Q  7P) !2 f t  any F — ~( u- t -  q; ) 5 - j C t  t h a t  F (O ’ i = I and F’ (O) = 0.

- w I l l  ~~ more co nve nient  in cert t i n  c a s e s  t o  pi t  H ~n ( 2 ~ ) in its

-ed ~~~~ ‘ -  (
~ ht~~o re  l~) .  For t H i s , Ore i 5 - ~ ~nn Bak ’~r- C d~ t b e l1-

- -~~~~~~ A H — 1~A B J d  - - -
r I a L J s  0 i t r  - i t n i a , e-  — c — n — n  - — , valid T a r  a~ l and B wh ich comute

w t ° -~, B ~ - J~ T i \ t ’s:

~~~ ~F~ )/~ ~~4~~~~~U/ ~~ L~~~~ /~~~

c

I he a p p l ie d  to funct ions ii the eridp~ int Q is representvtl b

- itr C ,‘ ‘c -i H. Thus , the most general opo r -a tor H derived from H
~ 

is ,

a 1—orde r-ed tor ~~,

) ~~~ ~~~~~ 4 I~ 
~~~~~~~~~~~~~~~~

~~~ ~~~~ 
-f 

~~~~ 

(
~~~) 

-

~~~~~~~~ 

- -~~~ 

~
) . (

~
~t I ,’, w i  r H is app l ied to f ( q~ ’i . the resu lt  is the ri ght —hand side

ut w i t ’  exp ( —t  0/ ~ q~
) roplaced Py  f (q~ 

- v ) .  
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IV. THF PROPAGATOR BY PAT h INTE G RA LS , FOR ARB IIRA RY HP,MJL IONIANS

Wi th  the two foregoing tool s in hand , we can proceed to wr ite a path-

in te ) ra l  rept -ec e nt it i on  for the propagato r corresponding to an arbitary Ha m il—

tonian operator. First , we write the latter in the form:

(3~~)

This is done to spl it off the free-particle part so we can use the free-

particle measure w(p,q). Althoug h the propagator will be expressed as a power-

series in k, our aim is not a perturbat ion exp ans i on . Rathe r, it is the manner

in wh ich the ordering of the factors in H1 is taken into account in evaluating

the pa th in tegrals, so that the propagator K thereby obtained satisfies the

Schrt~dinge r equation associated with H to all orders in k. Thus , k should be

regarded as simply a “bookkeeping ” parameter . Second , we define a funct ion

H~0(p,q, t) , obtained by normal-orde ring the operator- H1 and then replacing

P by p and Q by q. For example (since QP-PQ itS ):

k Q Y ~ /2~~~~~~~~~~~~~~~ ’~~~~ 
(3~ )

c~~~, -~-~-~ . (37)

Our main resu lt is expressed in the following theo rem .

Theo rem

The prop iqat o r  K! <q~~t~ q~ ,t8> , or probab ility amplitude tha t a

particle at po iti on q3 at time t~ will be at position 
~~ 

at time tb~ 
for an

arbitrary Iliini ltonian operator H [wh i ch we write as P2/2m + kH1(P ,Q, t) , H1
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rimri: t 1- - m de n i , H ( i - - () he loi-e t’, , tlie i rep li~ i ;i ; ~ h -. q and ~ by p;

(~~~) 
Ihe i I o v e r -  t he e jua 1 S 1 ~n In t H e  ii c t  1 iree equatio n s , (3 8 )— (  4d~

denote s a N -:al  - as ~-~-t  u i t e t i i i e d , - olitio ni. i~ ~‘qua t ioris a r - i undef inr d
(~)

be cause as soon dS 010’ ~r i t e t f ~~flgi’~ Ho ii Ni lnteqr ~ l mien - i and the t rae

in teg r a l O v e r  l~~, o r e  is fact H inih i r e  path i n t e g r a l / dw ( p ,q ) H ,10 ( p ( t )  , 1 ( t ) , t ) .

Si nOt -  t a  I I I  r i  t ind tOll t ii no t o  es - rO - ip i  i rig p and g at the arne t inro I , I h i

pat h r n t o t j o a  1 I s ardef  lot - ’  E l  a i , c  , is exp l a I ic- I t a r  n O , t I o r - l a t  iii

n un c t iun i , H( t . t ’ )  ii (t i) ,  is nolet nn~d at t t ’ - t l owmv t ’ r , if we -

j dw~ p,q)H (p ( t )  ,H( t )  ,t )  by 
( t  ~~ o ’ / ~k( P~

hl)H ri ~( p( t ’ ,q( t , t ) ,  th e

re s u l t i n g  t’\f ’ S l O n  is r o l l - d o t  i n t O .  This is done in thu last  uq10 t 10i ,

(41) .  Er It H qi es iii e~~n t i ~~uotiS p ith -  iii eq 1 r o p e - n i H  ion of K 1 1 1 - 0  t l~

tied to the orde t r~ ot  t i n  t a i l o r’  in t I n  g i n  f ain - -ri tor H
1
;

(3) It is no t n€ ’ c ms s i ry t h a t  the Ii func ti on i t  ( 3 0 ) -  (d i)  he Howiv in ,

it ai~~~t t ~~~r is hoseni , the ‘ t i l t t ’ ” l i i i ts in (-Il) w i l l  hi di f It ~~~n n t . l I n t ’ i-

a c lv ’ , r- 0011000 t r O:r ft- I - t i i  th e J i l t  t Oil hi -t ’ rl t o  r i - f l 1  it 0 It ant t r \= p,~

Of f l i t ’ 11111 1 I - = lii oh o I Il 1 V O a WC II --d o t  1 iii ,~~ i t C\ pr ’ os liii t o n  I i t’

pr o p t  t en  K. [hi S W I  i t  he pr ~t ,’d and di ‘,cu o se d in 1o ima below ;

( - I ) The p o f a n t  f a r  (41)  sat 1st  es ( f t  ~- c ht 00 Oq ul i,~~t1efl ar id the

I . t y  ro nt i l  il l  on:

~ ~
_
/ I ( 

~ ~~ ~~]<~~ ~~~
( L ~~~~ )

t
I

— — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ . - - :.~ — ~.
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to à i  1 o~ -i c ,  in

( 5 )  He -Wi  r o r g al ii (41) - = be ~v a1 u ai a i t  c e  a f i n  t~i rid riOi

lO s  fl k I S SoU gh t . I lie ri su I t , ~~ t ~ed la te r  1 LOC pah~ - h , a i r  L~ eA p ro s scd

in te rin- ~ ~r only T he c lass loa l  i ar - i i l t on ia n tnd i t t  •o- es - t en  t i n ~ t u e

F .  I t  i’~.

- ~ ~ I ~ ~ ~~~ J / 
(

~ i’

i-re ~‘
; is displayed in (70)  and (71) bel un .

r n- proof of (tie theorem will consist iii show ing , bli - - once, t t d t

(41) satisfies (42 ) by using both (28) and (33) Ii re1~ te the class ical anci

quanta s Hami I ton ians . H t o t  , we give a s ii ,ple 1 J 1~ - t O t E  100 of t ’ i -  ~Hi —
~ em

Calcu late , to first order in k , t he pi-api ator ~ rospsn d ing ti the

fol lowi n- i Har iltnni in:

: ~
1
/ ~~ 

~~~~~~ {Q(~~~~~~~L 
~~~~~~~~~~~ ~l ~~~~~~~ (~~

‘
~~

(w h ic t ~ - o se nts  a l t  the t a s s i h i e  Hs cot - respo n d e q  t~ n p~ /?m

The i nial — 1 2 ) - d e l - u h f  H is:

~~~~~ ~~2
, R~~~~

C
~~

’
~~ 

— = ( ç ~~~~~~~~~& 3 .

Usi nn ( - 1 ) ,  tie ha- f e :

-- ~~ ~~~~~~~~~~ ‘-~~~~ - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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• ~~ { 1-  
~~~~~~ 

{ 
j

1

( )  ~ ( 4 ’ ) t ~~~~(~~~~~)

-

~~ 

t~(~~ 2 - ~ c ) ( ~

(4~~

I ~~~
-
‘

~~~~ 
(
~~~ - ‘ i~~

) 7 ( t l L 1~~~~~ ( l  ~~-2~Jj  (
~~/)

~ ha - e t i - ed  ( 05 ) ,  ( 0 1 ) ,  and ( H ) _ ( t ) )  - It a nt hi’ di it ’ tly verifted that

I - . t t s ~ i-s  the Schr~dinger equation to f j n s t o rde r in K , i.e. that

~7~~
) - -t L 

~~~ 
4 ((3 - - K O(~ 2)

(4 ‘
~~)

~ ~ t - r w i  t i  I inn K = ~t - ., Ift

~
- t ~ th t t  ~o could have oh Lii ned the sannie n i - u i  t with out normal —ordering

t i~ ite d e u - i  I ei- . If we con s I der the fun k t ion of t i  i ned by repl ac inq

and p in ( - f - i ) ,  orde r [lit t i i i ’ s  in t h -  - i- lent 0 suggested by

en t ki s t i c e s s i v e  ciii n rrlde n ct- ’ 1 inn i t ’ - , we O t f

K i 

~ I - 
~~ J 

jt 
[ 

- -

~~~~~~~~~~

‘ J ~(( a~ (
~ 

l) ,
~~~~~~ 

(
~~~~)

L~~~~~4 ~~~~~ i’
~~ 

f~~~~~~({  ‘1) 
~~~

- 

~~~ 1•(U) 1L ( / ç qq)
ii--

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- -

_

—

~~~~~~- _ _ _ _ _ _ _ _ _ _ _ _
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which also yields the correct result (47). The genera l proof of this flexi-

bili ty is found in lema 1 below.

Proof of theorem

Lenina 1. For all phase-s pace functionals F f q ,p ~ which do not contain the

path (p,q) evaluated at either t or t’ , we have :

f F[~~~ J { )
~~~

) - ~(kO~~~ 
-
~~~

]
e-~ 

_~~0
A

(cc )

Proof. Cons i der the measure

L~~ {‘~ft) ~~(“) 
-i

~~~
’) ~~~ ~

-
~~
] ~ ‘tt~ i). / ci)

Its Fourier transform is

~~~ 
(~~v~ J e ~~~~~~~~~~ ~~

< ‘
~~~~ ~~~ (4,

~) .  ( c?)
5,

To evaluate it, we proceed as fol l ows :

I _
~~~ J.6~,cr~~-~

A < 1?, ’P
J 1(*) t(~’) e

~~~

~~ 

_ _ _

~~~~~~~~~~~~ 
,~~-- —~~~~~~— 

*
-- —--- -- --rn - - -~~ ---
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~ ~~~~1~
M[

~~~ ~~b , € )
~~ ¼~

6
*

(f ,Y) ~

(c3)
where

~ 
(
~~~;~~~‘) 

E 1I’~~~
(
~
) ~ t~f~~ (f , s’)~~~(~)

4 i~ 
6~ (4,s’)~~v (~

’) 
~ ~~ 5 ~ (t , c ’) ~~~~5’J]

• 
2. .i~

~~~ [ 4 - ~~~~~~V).~
- 

~~ f c~ (s,-F ’)c~1fr~~) t L~

(cv)
and (2) was used. The refore ,

= -

~~~~~~~~~ ~~ 

~~ E~ ~ ,t’) _~~0~~(&~~jJ

4~~~[�~(~X) - c;~~ M] f [G (~~’i-~~
(
~~)]

H 
(
~~~;~ /~ ) 

)

Since Gab~ ~~ and are continuous across the di agona l t = t’

(provided Jl~& and V are different from and ~ ) ,  and since G has

a jump of magnitude 1 there [Eq . (27)3 , we conclude tha t

(
~~, ~

) 
~ 

( i )

— 

—— - ~~~~tr~~~m ~~~~~~~~~~~~~~~~~~~~ -~~~~- 
~~~~~~~ ~~~~~~~~~~~~ 

, 

- _ _ _
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Consequently, the measure w~~~(P~q) is effectively the zero measure in the

limit (t-t ’)--~0~, provided (1) this limi t is ta ken after a path integral with

respect to w~~i(p~q) is performed [(50) is obviously false if the limi t is

taken before the path integral is done] , and (2) the i ntegrand does not

contain p or q evaluated at t or t’[if it does , then ‘~,( v ;f , €’) -i s no

longer cont inuous across the dia gonal t = ts] . Q .E.D.

This lenm-ia insures that the various path integrals obta i ned by changing

the form of the given Harn iltonian opera tor (by repeated use of the conriutatio n

rela tion QP-PQ = ifi) will all yield the same result. This was illustrated in
-.. ~, ~ 1 -‘

the example above where the two path integral s (46) and (49), corresponding

to the same Hami l tonian operator written in two different forms (45) and (44),

gave the same correct answer.
- - 

Therefore , it is su fficient to prove the theo rem for the normal-ordered

form of H1, i .e. wi th H~0.

Lema 2.

(f
tb~~~~~~

)

fl

I ~~~~~~~ I -“ J ~~~~~~~-‘

Proof. The l eniiia is true for n = 1. Assume it is true for n k - 1.

Cons i der Fk (s)
~( f (x)dx)~ . Then

f_
cL

_ _ _  - - -- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ :~~~ s -:i~~~ ______
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.
~ 

f~ (c) f(s) .~~~s) -s)~

clk cU ,~~~ (t, 1 ) .

Integrating from ta to tb with respect to s gives

t S

~~
( I S ~~ ~~ ~~~k - h

1c~) —

Changing variables: s = t1, t1 = t2, ..., t~~ = tk proves that the formula

is true for n = k. Therefore the formula is proved true by recurrence. Q.[.D.

Proof to first order in k. The theorem will be proved by recurrence. Thus , we

must fi rst prove that (41) satisfies the SchrOdinger equation (42) to first

orde r in k. The propagator to firs t order in k is:

K 
~ 

[ I  - 
~~~ 5 ~~~~~~~~~~~~ ~~~~~~

(
~~

)

Using the correspondence rule (28), along with (32) to put H 1 in norma l-

ordered form , we can wri te:

‘
~
‘Pl~ L ~(t’), ~(~ J,t]  . (2ll 3~y Z fL} 4 Gt.L~k,~, r(u,’v- ,~~) ~-I~ (t,’Lk~)

* ~~~~~~ ~~~~~~~~~~~ t~~~~ /t) )/~~
-
~~ t(t ’)/~ }

(~~
)

___ ~ _ _



1—I

Substituting (61) in (60) reveals that the pa th integra l is a particul ar ? ’,

s imp le one , namely the Fourier transform of w at ( ~~& 
~~~~. /~ ., ir c~~, /~ )

It can be evaluated using (2) and (5)-(9), and the result , after the limit ,

is: 

K { ~~~~~~~] (~~2~

where

~~~~
(2

~~~~~~r ~~~~~~~ ~~(~,9 t)

~ (A/ ~~(~~~t~~~~~ /z) (
~/~~) [~~~

(
~-L~

~~ u ( ~~~~~~-) 
~~~~~~~~~~q~~

—
~~~~) +

* - 
~~~~~~~~~~~~~~~~ (

~~ )
We must show that

~ ~~~~~~ ~~~~
~~ 

O(~ ) .

Si nce K0 satisfies the free -particle Schr~dinger equation , we must simply

show that the coefficient of k is zero , i.e. that

~~ 
....
~~~ 

2;?.
] ~~~ + ç4 ~ (

~~~)
2~~~~bq~-

1’

- 
~~~~~_- _ _ _.~~~~~~~

_
~~~~~

_ —HE ~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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For H1 we will use (33), Its normal-ordered form in tennis of the c lass ica l

function H 1. Thus ,

(~ r4~~ Jd~a~~t~~r 1(u ,~~’~) (~~~ F~)

xk (9~~~~
f 4

~~~J~ ~~~
(a’)

The remainder of the proof is tedious and stra i ghtforward. Differentiations

with respect to and tb are performed under the integra l sig n , assuming

interchangeability , using Le lbnitz ’s rule ,(~/~~,)f ‘q’(~,+~)~1.k -= (
~~Y&j, -t

1,)

+ where needed. The H1K0 term cancels the term

equ iva~1ent to . Upon collecting terms , the integrand va nishes ,

and the theorem - is established to fi rst order in k for arbitrary Hami l ton -ian

operators.

Proof to any order in k. Using l ema 2 [Eq. (57)] along with (61), we can

write K in (41) as:

k L 
~ 

3
where

- -~— — - ~~~~~~~~~~~~~~~~~~~~ ‘ ~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ . - _
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£ (
~~~ 

1
tb~ 

- _ 

- 

~ (~~~
2
i5a . . .  d~

c4~ ~~ ~~~~~~ cL~ c).~1r ~ 
.- c~”¼1~ F(~~ ,~u~1 1~~

~ ~ 
(
~~~~ 1y~) ~, (~~,9~~~)

~~~~~ 
~~ ~~~~~ ~ ~~~~ 

÷

+ ~~~~~~~~~~~~
f... 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (~~
)

The path integral above is readily recognized as being

~~~
tAY [ (-~i~)(u1 ~~~ +- ~~~~~~ 

~~~~~~~ ~ 

‘~~ ~~~~~~~~‘

which can be evaluated , by use of (2) and (5)-(9). By virtue of l eniina 2,

the times entering the integral are now ordered ( 
~~, ~~ ~~~~~~~~

The resul t is:

~ 
(~~)

2 
J~ ~~~ g 

~~~~~~~~~~~~

. (~~~)9
L

~~ ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~

~ ~~~~~~~~ 
F(

where (~7o)

r - - —-- -~ ---_____ — - - -



- 
Ti

r

~ 
(
~/~) 

~ 
(
~ ~ 

u~ ~ ~ ~ f~)

- (~J~T j  I ~ ~

- (
~‘“)~~~1 [~~~ ~~~~~~~~~~ 

r~~S/~~]

r~ s
3

- (
~J~~)[ 1_ Ur1Y5 (~~~~~ r) 

- 
~~~~ft

Y
-,$  ( 7)

We must now show that if

~~~~

satisfiec the Schrödinge r equation to nth order in K ,  then K~÷1 satisf ies it

to (n+Pth order in k, i.e.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
Q(~~*~) .

(73 )

This can be shown to be true if and only i f the coef f i cient of i s 0,

I.e. iff 13

_ _ _ _ _  

.
~~~~~~~~~~_
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~~~~~~ 
+ 14 , (K 0~~~~~ ~ C) (7k)

(71) readily reduces to

4~ (~‘0 °c) - ~ K0 ‘~c÷~ 
4 i ’o(~b~~a~ 

‘
~o(+,

_ _  

(7 c)

We will calculate each term -in (75) separa tely and show that they cancel

each other out. Using (33) to represent H1, as we did earlier , we have :

, (~c~~~~) 
~~ (7it ~~~~~~~~

2 

~~~~~ 
~~~~~~~~~~~~~~~~~~~~~ 

~~~~ 
(
~/9,~~

)

~ ~~ p ~
(
~A)[ ÷~~~~ + ~~~/ z  - - -

~(-~/~r f’~, 
~~~~~~~~~~~~~~~~~~~~~~~

- • j ~~~~~ ~~~~~~~~~~~~~

~~ F( ~~~~~~~~~~~~~ ~~~~~~~~~ 
k, 

~~~~~~~~~~

~~~~~~~~~ 
~~~ ~~~~~~ ( 1 s ~~~tc~~~~~ 

U c~~s J 2 )

I ~r (~r~~ ) (~-~) ~~r 
(~~~~ r) ~~ ~

- (~~~~
) 1 

~~~~~~ 
(
~~r L~~~~f~ /~ ~ ~~r~~S i~]r,~ ~ - %

ç~~c 
-

(~ /~T~{~ ~~~~~~~ 
(
~~~~~~~~ r) ~~s

(,S~ I ~ - i r=- L (7~~)

- -- -=~- ~~~~~~~~- 
w ’ __

~~~ 
- -

~~~~--~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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The time-derivative term In (75), &4~ 
‘
~~~~ V-I~~, / ~~~ can be

written as A + B, where B Is the derivative of the integrand and A evaluates

the integrand at tb. Thus ,

,1+.? I I
—~4~K0 (.-

~/~) 
j ~-Lk-~ ....J 

~~

~ f ~ ...a 
~

• 
~~~~~~ ~ , .. - 

~~~~ 
- .

~ ~~~~~~~~~ ~~~~~~~~~~~
K 4 , ,,

k )J4 ,(’~p~,c~~,ç) f~ ~~~ 
,~L, ,+~ ,)

v’* I

~~~~~ ~~~~~~ (~~ç u5+~~ç~~ ~

- (A/~ST) ~~~~~~~ ~~~~~~~~~~~~ ~ � [ ( ~,-L~yi fu~(4 1,~4~)’

~

(~/~T) 
~~~~~~~ ~~~~ ~~ ~~r ~ ~~ u c (~~~ç~~~~~~~ ( & ç~~/~i

rr vsizj]

- (~i’~-r)~ Z ~~~

r.~ S

(77)
s~ 

~~~~~~~ - - - - .~~~~- ~~~~~~~~~~~~I 
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The 
~b 

dependence of the Integrand of K0oç,,, is of the form

exptatb/(tb
_t
a)1 . Therefore,

.~~~~~~~~~~~~ 

( . ,
~~~~~~~t (  5~ ‘.‘

t 4

a~ ...a~ ~~~~~~ 

, .  

~~~~~~ ~~~~ ~~~~~~~~~~~~~~~~~~ ~~~~~~~ 

. -.

~~ 
. .

x 
~~~~ ~~~~ 

_ - . H, 
~~~~ / ~~~ 

E~~~~~,

( t14~~

~ , (_ 4 / 4 ..rt) ~~T 1 I tA t.. 4 ~i 
U

~r~~s (k r L)T/ ~~

S
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~~~~~~ ~~~~~~~ 
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~~ I
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~~~~~~~~~~~~~~~~~~~~~ ~
r S l
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_
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Ur~~~
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The 
~ dependence of the integ rand of 

~~~~ 
is of the simpl e form

- . exP(aq~). Therefore,

~~ 1(, ~~ ?4~ ~~ — ~~ íç 
_ _ _ _ _

-

- 

- - T 2vr ~
tvu

— 4.-t~iç ( / -
~f~

4 ’ 
f cU, .-“ f c~i~ (2i~1~Y 

~

X 
~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~( 

_
~~~~~(‘~~I

~~

x U, (~ ,, cl 1, I~,’) - . 4 , ( ~~~~~~ ~~~~j

-

. 

- - - x 
~ ~~~~~~~~~~~~~~~~~~ r(~~~~~~~ ~

~~~~~~ (7~ )

where is defined in (71).

From (76) and (77) one can show tha t A + H
1

(K
0c*’ ) = 0. For this , it is

sufficient to make the following changes of variable: in (77), ~~ -= 114 -~

for I • 2 to n+1; C C and C. C . for i 2 toI $4- I 4 4 - 1
n+l, where c denotes u , v , p. or q; in (76), C where c denotes

U. V, 
~~
, or q. It is also seen , by rearranging the terms inside the curly

brackets of (78), that B added to either side of (79) gives zero .

I - - 
-- — 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ --- -~
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• The boundary condition (42b) is satisf ied , as can be seen from the

expressIon (43) for K. Indeed , K0 satisfies (42h) and .L~.._—. ~
as can be seen from (71).

i1~;, ~~~~~~ ~LdV~~( ~~~~~~

V. CONCLUSION

The object of this paper was to show that any Hamiltonian operator

is amenable to a path-integral treatment , by prov idin q an unambiquous ,

computationally viable formalism and taking proper account of the corres-

pondence rule leading from the classical function to the qua ntum ‘pt ’rator .

The manner In which the correspondence rule is taken into account i n  a

semiclassica l expansion of the propaga tor (in powers of fn)~
4 w i ll be the

subject of a follow-up paper.

- 

-~~~~~~~~
.
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6. However , if one is interested only in a perturbation series lb  o( 
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t
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~
)J, then the method describe d here applies directly.
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DeWl tt.Morette, A. Maheshwari , and B. Nelson , “Path Integration in Phase

Space”, Gen. Rel. and Gray. 8(1977), 581-93. 
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~ t~o~~t I imi t nq F u ! 0 ¼ :odui c • 3 - M,~ Ui . Thy I / I °io , ~o ( ~ -

.. Maur ice M_ Mi :r~hi , ‘G eneral izt :d Herini te Thl~ n oiui -_ il ~; , 3 . Cou iip . and A;~ il -

Mat h. 1( 1’~/~i) , ~/ 3 — 7 .

10. The pi-no f of (1’) ) 1 S 51 iii~ 1 a t -  to the one y I ri i n Re I - -

- - 11. This scheme to t -  cor - N’sporldelk o rules wa s a l s o  u~~ - i in M. M. ~i i _ t  ~t h i

“On t r ue S e m u c l a ’ s i c a l  xpans ion in Quant uo M,- Thu i& ~s tw  i’ur - t ’ l  tra ry Hawn 1—

tonians ’’ , J. Math . ~hvs - i~ ( i~ / 1) , /~- r ‘-fl ) , to  d c t e r m i r w  t t i~ , - a r i q e  of  a l i d  1 t y

of a coniiior ily—u sed fqt -nuula for the WK L~ ap 1 i- o > 1m ~i lo ll  of the pro~- a q a t o r

h. This formula ca n be proved L v  l o ut — m u l t n p l y i n q  both s l d t ’’ of ( . ‘
~~

) by

~~ { • (
~~ ~~~ ~~ 

, t o k inq  t r a ~ es N o t e :  t t  j  ~~~~~~~ ‘1 \ A ~~~
-
t

’-
’

< i-’
~ 
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Eq. (3 ? ) .

13 . I n  the k—expans i o n  of the lef t  side of ( 73 )  , tht ’ van i -.h 1 nq of the Ut h

‘i d er term resul t~; t rom the ~ hi-~ 3 flyer tqua t l o u -  j ou  k 1. the ~ani sh in q of the

~t~f f  ic ient  of k ie~-u 1 ts from (~S ) , and t he v a n i s h  1 r uq  o I the n e t t i  c i  c u t  ~ of

to ~ i s  wh a t (74)  ( t n - O lu i  ~~~ ~ to n ) ) 
~u I O ~ t’s -
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14. As di~.cuissod iii Ret . 1 , - i -  t i ’  l iP , a s c - r ~ ~~~~~~ ~‘-~i d r s l o r  01 .u

pr~ pd~i3 t v- r wh ic h  a t  low s su~1i a r t  .-  - - Insion se t ’  - ~1] ~ i t  ids

~~~~~~~~ J (L~ ~ 
~~~~~ ~~‘t~ 

{ (~~~

_ /
~~~~_) ~~~~~~~~ 3

where is f l u e  -~c icl ~ s sical u) ’pr - x irn at io n to K , is t he

same as e~ ~ u p t t ha t - , ( -~~~~ ~ 
‘

~ c

S~ 
(
~ ~~~~~~~~ 

~~~

~~~~~~~~ 

~
‘

1’ -

and w abso,-h~ the full quadra t L part of tue e-~p 1rus i on o f the a c t  ion(
~‘~r~)-funct iona l a t o l l  t the c l ass  i Cdl  i t  H ~ H o w e v e r , it  ~‘ rur e x t _ u n - 1- - tue ex ponen t ia l

and aft cup t s to carry out the pat h in t eq -a l He ore the t j ute I ru teg r a  1 ,

the indef in i teness d isc uss t ’~1 in t h i s  ~~~‘er - a ppe a r - s l u f a l f l .  0110 conijt ’ct uired

answer .  wh r  u P  rouna u r u s  t o  L~ vet- r i ~~~ is t h i t  H& ~ 
) ~~~ 

~ 
( t ) t e r m

should be ‘ ‘ t ime—ordered’ ’  ( in  the mannet - di scu~ se,1 in this p~pen -) w i t h  the

same corre — ~ pon~leruu e rule as the o r- i q I na 1 Ham r i t  on i an - p e  n -a tor of the prebi em

I1
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